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In this paper we analyze the effect of randomly deleting streets of a synthetic city on the statistics
of displacements. Our city is constituted initially by a set of streets that form a regular tessellation
of the euclidean plane. Therefore we will have three types of cities, formed by squares, triangles
or hexagons. We studied the complementary cumulative distribution function for displacements
(CCDF). For the whole set of streets the CCDF is a stretched exponential, and as streets are
deleted this function becomes a linear function and then two clear different exponentials. This
behavior is qualitatively the same for all the tessellations. Most of this functions has been reported
in the literature when studying the displacements of individuals based on cell data trajectories and
GPS information. However, in the light of this work, the appearance of different functions for
displacements CCDF can be attributed to the connectivity of the underlying street network. It is
remarkably that for some proportion of streets we got a linear function for such function, and as far
as we know this behavior has not been reported nor considered. Therefore, it is advisable to analyze
experimental in the light of connectivity of the street network to make correlations with the present
work.
I. INTRODUCTION
There has been an increasing interest in comprehend-
ing the way cities organizes in the last few decades [1–4].
The structure of a city influences human activities and
in particular the mobility inside it [5–8]. Some of the
first works in the present century claimed that human
mobility inside cities has a random nature. For exam-
ple, in Ref. [5] it is stated that if we put randomly a
set of ”walkers” and let them move arbitrarily with some
constraint on their time trip, the distribution probabil-
ity for the distance traveled is the same as real human
distances distribution. Amazingly then, human mobility
seems not to depend on the purposiveness of trips but
instead it relies on the particular street network cars are
moving on. This view, that human mobility is random
in nature, has been reviewed and nowadays more focus
is put on the purpose of human trips [9–16]. However, it
seems that the structure of the road network is relevant
in leading the mobility patterns. For example in [17]
it is shown that having blocks with a honeycomb struc-
ture is more favorable for having less traffic jams than a
street network composed of square blocks, as many cities
are built. Also, in [8], it is established that compactness
and size of a city can affect human mobility. Therefore
some attention should be put on the geometry of a street
network when analyzing human mobility.
In this work we study the relationship between mobil-
ity and the underlying space through simulations. We
simulate the road network and use different probability
distributions for the speed of cars that move through
the street network to analyze the results on the com-
plementary cumulative distribution function (CCDF) for
displacements. Moreover, we do this analysis when a
number of randomly streets are deleted. It is worth to
mention that the CCDF of a given density distribution
function f(x) that depends on the random variable x
which takes values on the interval [0,∞) is given by
F (x) = 1−
∫ x
0
f(t)dt (1)
and it represents the probability that the random variable
gets a value greater than x.
In this work we analyze the structure of a street net-
work when some streets are deleted, then we are in the
domains of percolation theory. Then, we analyze how
some probabilistic distributions for time and car speed
produce some distribution for displacements, and also
how this result is affected by the connectivity degree of
the underlying space.
II. MODEL AND METHODS
In our simulations we start by building a road net-
work based on some tessellation of the euclidean space.
A {P,Q} regular tessellation, according to the schla¨fli no-
tation, is a partition of the euclidean plane into P -sided
regular polygons such that Q polygons meet at each ver-
tex. The sides and vertices of these polygons represent
the blocks and corners of our street network. It is known
[18] that two dimensional euclidean space can support
those tessellations that satisfy the relation
(P − 2)(Q− 2) = 4 (2)
Accordingly, we just can tessellate the euclidean plane
with triangles ({3, 6}), squares ({4, 4}) and hexagons
({6, 3}). In this work we analyze each of these possi-
bilities. Once we have a tessellation we randomly delete
a portion of streets to see its implications on the studied
variables, as illustrated on figure 1.
Therefore our work relates with percolation theory.
Percolation is a widely studied field in physics [19, 20],
and the central problem can be state in the following
way. There is a set of sites (site percolation) or bonds
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FIG. 1: Ilustration of synthetic cities with some streets
deleted.
(bond percolation) with some connections between then,
and there is a probability p, 0 ≤ p ≤ 1, that an element
be occupied, otherwise it is empty. Then clusters are
formed by occupied neighbor elements (sites or bonds).
Then, the cluster structure variation with probability p
is studied. A major result in percolation is the existence,
for an infinite space, of a particular value for p, called
critical probability pc, below which there is not a cluster
that traverses or percolates the structure, and above pc
there is a percolating cluster. The behavior of the clusters
around pc captures some elements of a phase transition.
In our case we are concerned with bond percolation as
streets are associated with bonds. The spaces we study
have critical values pc = 0.347, 0.5, 0.653 for the triangle,
square and hexagonal structures respectively. And we
study only more realistic cases where p > pc to guarantee
the connection of the whole city through some cluster.
Once we have our street network, which is a perco-
lated structure, we put randomly N cars on it. Then
we allow them to move with a given speed during some
time, and each of these variables follows a predetermined
probability distribution. For time we use an exponential
distribution [21–24], and gaussian [25] distributions for
speeds. The motion of cars will be constrained by the
space in the sense it is not allowed to moved when it
finds a dead-end.
III. RESULTS
We study the structure of the street network and then
the CCDF and probability density for car displacements.
A. Length street distribution
In order to study the street network we analyze what is
called the cluster size distribution n(s), that represents
the average number of clusters of size s per number of
bonds (blocks). Notice that the cluster size distribution
is related with the street length distribution, as the size
of a cluster is determined by the number of blocks that
it contains. It is worth to mention that the common
convention in the percolation community is not to take
into account the percolating cluster in the calculation of
n(s), however as we want to measure the whole struc-
ture of streets, we include all the clusters for calculating
n(s). To determine n(s) we use partially the well known
Newmann-Ziff algorithm [26]. In Fig. 2 we illustrate the
behavior of n(s) vs s for our square city, which has a
size of approximately 20 by 20 blocks, and percolation
probabilities p = 0.6, 0.7, 0.8, 0.9.
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FIG. 2: Cluster size distribution for square tessellation
and p = 0.6, 0.7, 0.8, 0.9.
We notice that all the curves in Fig. 2 seem to behave
as power laws and then appear some peak due to the
finite size of the system. The power law regime of this
curves can be fitted by the expression
n(s) ∼ s−θ (3)
where θ ∈ [2.0, 3.0] and its exact value depend on p. We
can notice also that for lower values of p those curves tend
to have a weaker tail and could be also approximated by
a distribution of the form
n(s) ∼ s−θ exp (−Csα) (4)
It should be mentioned that for infinite structures it
is known [27] that cluster size distribution (without a
percolating cluster) satisfies relations
n(s) ∼


s−θe−s/sξ , p < pc as
s
sξ
→∞
s−τ , p = pc
s−θ
′
e−αs
1/2
, p > pc
(5)
Therefore the cluster size distribution is power law just
at the transition probability, truncated power law below
3it, and what some call an stretched exponential above
it. It is worth to mention that according to [21] the
displacement distribution of some vehicles follows also
an stretched exponential.
B. Displacement distribution
In our simulation we randomly lay out N = 1000 cars
over a street network and a time given by an exponential
distribution is assigned to each car. According to [21–24]
an exponential function can model the time distribution
for some set of vehicles. Accordingly, the time t a vehicle
can displace through the given space is determined by
the function
fT (t) =
1
t
exp
(−t
t
)
(6)
where the average time is given by t = 1800s, following
[21]. When a car finds an intersection it will take another
block randomly and it will stop when its time is finished
or it finds a dead-end to analyze the effect of the network
geometry on displacements. The speed distribution for
vehicles does not seem to follow some clear pattern. How-
ever, it has been determined [25] that on highways speed
vehicles tend to follow a normal distribution. Therefore,
we choose the following gaussian distribution to select
the speed of a car
fV (v) =
1√
2piσ
exp
(
− (v − v)
2
2σ2
)
(7)
where the average speed is v = 8m/s and σ = 0.3v.
Our synthetic ‘square city’ is made of around 360 blocks
where one block has a length of 30 units. Similar sizes
we have for the two other tessellations. Therefore the
diagonal of our whole city is around 800 units. As the
product of averages vt = 3600 then most of the cars can
scatter through the whole city. We should notice that
just v ≥ 0 speed values make sense, therefore we choose
the absolute value to be assigned to a speed when v < 0.
To analyze our results we use the free software grace
[28] and for interpolation we check among the functions:
stretched exponential, power law, exponential, linear,
polinomial, logarithmic and inverse functions.
The displacement CCDF results for the square tessel-
lation are ilustrated in Fig. 3 and table I contains the
respective regressions.
For the whole structure, i.e. p = 1, the displacement
distribution is the statistical product between the speed
distribution and time distribution as in this case there
is not any spatial constraint. It is known that, if fV
and fT represents the probability density functions for
speed and time respectively, then the probability density
distribution for displacements is given by
fL(l) =
∫
∞
0
fV (v)fT (l/v)
1
v
dv (8)
1 10 100 1000 10000 1e+05
l
0.0001
0.001
0.01
0.1
1
P(
L 
≥ 
l)
Data
Fit
(a) p = 1.0
1 10 100 1000 10000 1e+05
l
0.001
0.01
0.1
1
P(
L 
≥ 
l)
Data
Fit
(b) p = 0.9
0 1000 2000 3000 4000
l
0
0.5
1
1.5
2
P(
L 
≥ 
l) Data
Fit
(c) p = 0.8
0 500 1000 1500 2000
l
0.001
0.01
0.1
1
P(
L 
≥ 
l) Data
Left fit
Right fit
(d) p = 0.7
0 100 200 300 400 500 600
l
0.0001
0.001
0.01
0.1
1
P(
L 
≥ 
l)
Data
Left fit
Right fit
(e) p = 0.6
FIG. 3: Illustration of the CCDF of displacement
distribution for the square tessellation and various
values for p.
Then the respective CCDF function is
F (l) = 1−
∫ l
0
∫
∞
0
fV (v)fT (l/v)
1
v
dv dl (9)
4TABLE I: Curve regressions for square city
p Regression R2
1.0 P (L > l) = 1.03l−0.0064e−0.00031l
0.98
0.9997
0.9 P (L > l) = 1.05l−0.0096e−0.00011l
1.13
0.9994
0.8 P (L > l) = 1.01 − 0.00032l 0.987
0.7 Pleft(L > l) = 1.06e
−0.00057l 0.961
Pright(L > l) = 8.46 × 10
10e−0.028l 0.935
0.6 Pleft(L > l) = 1.08e
−0.00081l 0.945
Pright(L > l) = 2.49 × 10
9e−0.051l 0.991
And then we have
F (l) = 1−
∫ l
0
∫
∞
0
(
l/v
)
−1
√
2piσ
v
exp

− (v − v)2
2σ2
−
l
(
l/v
)
−1
v

 dv dl
(10)
This curve was so well aproximated by the stretched ex-
ponential
P (L > l) = 1.03l−0.0064e−0.00031l
0.98
(11)
having an square correlation coefficient R2 = 0.9997. No-
tice that according to [21] experimental data is also bet-
ter approximated by an stretched function although with
different constants. For p = 1.0 we have very similar re-
sults for all the tessellations as it is expected from the
fact that cars can move freely on the entire space. For
the case p = 0.9 (see Fig. 3b), i.e. when 10% of the
streets are deleted randomly, we have again an stretched
exponential function, although with some minor varia-
tions on the parameters. The more drastic change occurs
for p = 0.8 as the CCDF is better approximated by a lin-
ear relationship as illustrated on figure 3c. As far as we
know this type of distribution has not been reported on
the literature for human mobility but we have a linear
relation with a high correlation coefficient R2 = 0.987.
From the definition of a CCDF (eq. 1) we have
dF (x)
dx
= −f(x) (12)
Therefore if a CCDF is linear then the respective prob-
ability density function is a constant. Surprisingly then,
in this case, all the displacements have the same probabil-
ity. Somehow the interplay between the geometry (when
20% of the streets are deleted for the square city) and
time and speed distributions make that the density prob-
ability function for displacements to be a constant. For
cases p = 0.7, 0.6 we have that CCDF for displacements
is better approximated by two different exponentials as
illustrated in Figs. 3d and 3e. Regarding the transition
point between the two curves we found that it is l ∼ 800
for p = 0.7 and l ∼ 400 for p = 0.6. Since our city is a
square of length 800 we see that for p = 0.7 the transition
point is comparable with the linear size of the whole city,
while it is around one quarter of the city for p = 0.6.
For ‘cities’ with percolation probabilities p ≤ 0.5 we
got CCDF for displacements that can be exponential
or power law. However for this type of cities the street
network does not connect the whole city, and therefore
this cases are not very realistic.
When working with the other two tessellations, hexag-
onal and triangular, we have the same qualitative results,
i.e., stretched exponential → linear → two exponentials
when moving from p = 1.0 to the critical value pc of the
respective space, as illustrated on tables II and III. Let
us remember that pc = 0.653 and 0.347 for hexagonal
and triangle tessellations respectively.
TABLE II: Curve regressions for triangle city
p Regression R2
1.0 P (L > l) = 1.01l−0.0016e−0.00036l
0.97
0.9997
0.9 P (L > l) = 1.04l−0.00000034e−0.00057l
0.92
0.9996
0.8 P (L > l) = 1.01l−0.00005e−0.00020l
1.05
0.9995
0.7 P (L > l) = 1.11l−0.028e−0.0000055l
1.53
0.999
0.6 P (L > l) = 1.06 − 0.00042l 0.994
0.5 Pleft(L > l) = 1.05e
−0.00062l 0.957
Pright(L > l) = 3.27 × 10
9e−0.028l 0.968
0.4 Pleft(L > l) = 1.09e
−0.00096l 0.935
Pright(L > l) = 3.24 × 10
5e−0.037l 0.986
TABLE III: Curve regressions for hexagonal city
p Regression R2
1.0 P (L > l) = 1.01l−0.0015e−0.00036l
0.97
0.9997
0.9 P (L > l) = 1.09 − 0.00047l 0.986
0.8 Pleft(L > l) = 1.14e
−0.00086l 0.919
Pright(L > l) = 5.21 × 10
10e−0.041l 0.979
0.7 Pleft(L > l) = 1.07e
−0.00083l 0.892
Pright(L > l) = 9.04 × 10
8e−0.076l 0.989
Therefore, for all the three spaces, for higher values of
p the CCDF for displacements is an stretched exponential
of the form
P (L > l) = Al−γ exp
(−Clδ) (13)
where A ∈ [1.01, 1.11], C ∈ [5.5 × 10−6, 5.7× 10−4], γ ∈
[3.4 × 10−7, 2.8 × 10−2], and δ ∈ [0.92, 1.53]. Then it
5becomes a linear function
P (L > l) = A−Bl (14)
with A ∈ [1.01, 1.09] and B ∈ [3.2 × 10−4, 4.7 × 10−4].
And finally for lower values of p it becomes more like two
different exponentials
Pleft(L > l) = A1e
−β1l Pright(L > l) = A2e
−β2l (15)
where A1 ∈ [1.05, 1.14], A2 ∈ [3.24 × 105, 8.46 × 1010],
β1 ∈ [5.7×10−4, 9.6×10−4], and β2 ∈ [0.028, 0.076]. And
the particular values depend on the tessellation. This
change in the behavior is mainly attributed to the per-
centage of streets deleted, i.e. the value of p, as this sim-
ulation was performed using the same distribution for
time and speed in all the three spaces. It was studied
in [8], from data of eight cities in Northeast China, how
some mobility variables are affected by the compactness
and size of the city. In particular they exhibit data for
CCDF displacements that seem to approximate to an
stretched exponential or maybe two different exponen-
tials (see Figs. 4, 6, and A.2 in [8]) that would correlate
at some degree with our functions. To better correlate
such works with ours we would need to know the network
street structure of the respective city.
We have studied CCDF because it is easier to calculate
numerically compared to the probability density function
because we do not need to handle such methods as pre-
sented in [29]. However, according to Eq. 12 we can get
a probability density function from the respective CCDF
just by taking the negative of its derivative. In Fig. 4 we
can see the probability density functions of the CCDFs
illustrated in Fig. 3. We should mention that we did
not take derivatives on CCDF data but on the regression
curves because simulation data has many discontinuities
and its respective derivative becomes very noisy.
For p = 1.0, 0.9 CCDF for displacements are roughly
exponentials as γ exponent in Eq. 13 is very close to
zero, therefore their respective probability density func-
tions should be almost exponential as illustrated in Figs.
4a and 4b. In these cases, the probability density func-
tion is exponential with an exponent in the interval
[−0.00037,−0.00026]. As it was mentioned previously,
the case for p = 0.8 is the most surprising as the probabil-
ity density function becomes a constant equal to 0.00032
as illustrated in Fig. 4c. Then, for p = 0.7, 0.6 in
Figs. 4d and 4e, we have two different exponentials,
as it was expected because the derivative of an expo-
nential is again another exponential. For these last two
cases the left exponential has an exponent in the range
[−0.00081,−0.00057], and [−0.028,−0.051] for the right
exponentials.
IV. DISCUSSION
According to our results we can claim that CCDF for
displacements exhibit the same qualitatively result for
0 5000 10000 15000 20000 25000 30000
l
1e-07
1e-06
1e-05
0.0001
0.001
0.01
P(
L 
≥ 
l)
(a) p = 1.0
0 5000 10000 15000 20000
l
1e-06
1e-05
0.0001
0.001
0.01
P(
L 
≥ 
l)
(b) p = 0.9
0 1000 2000 3000 4000
l
0
0.0002
0.0004
0.0006
0.0008
0.001
P(
L 
≥ 
l)
(c) p = 0.8
0 500 1000 1500 2000
l
0.0001
0.001
0.01
0.1
P(
L 
≥ 
l)
(d) p = 0.7
0 100 200 300 400 500 600
l
1e-05
0.0001
0.001
0.01
0.1
P(
L 
≥ 
l)
(e) p = 0.6
FIG. 4: Illustration of the probability density functions
for displacement distribution on the square tessellation
and p = 1.0, 0.9, 0.8, 0.7, 0.6.
all the three regular tessellations on the euclidean plane.
Begining at p = 1.0 and going downwards we get the
same universal pattern: Streteched exponential→ Linear
→ two exponentials. Therefore the degree of connectivity
does not seem to affect this pattern but just the exact
moments when it pass from one type of function to the
other. As this behavior remains for the three geometries
studied we infer that this could hold for a real network
6street as these tessellations are the only ones admitted
by the euclidean plane. And it is certainly worthy to
examine real data in the light of this work for the whole
set of streets and to check the impact when some portions
are blocked as it is the condition to move on different
values of p.
In our simulations we have found different functions
that have been reported on the literature. For networks
working with most of the streets, i.e. for higher values of
p, we got an stretched exponential. This theoretical re-
sult could be related with the work of Sagarra et al [30],
where they seem to have this type of function for the
CCDF on displacements according to their Fig. 4 (c).
Regarding the probability density function on displace-
ments we mainly obtain exponential functions. This is in
agreement with some experimental data as reported in
[31–34].
It is very surprising that we get a linear relation for the
CCDF displacement function which in turn implies that
the probability density function for displacements is a
constant. As far as we know this type of distribution has
not been reported before in the literature. And it is very
peculiar to have a phenomenon where the probability for
trayectories do not depend on their length. Somehow,
the relation among the geometry and the exponential
time and gaussian speed distributions make the statis-
tics of displacements to be independent on their length.
Actually, it is worthy to compare this phenomenon not
just with human mobility but with other kind of phys-
ical phenomena where statistics of displacements is not
dependent on length.
We also cheked the results when the average speed de-
pends linearly on time, result that was obtained from
data in [21]. And this comes from the fact that longer
displacements tend to use different a different mode of
transportation or streets with higher average speeds. In
this case we had small variations in the results, except
that the linear relation disappears and we have two expo-
nential instead in such cases. However, our work is more
related with just one mode of transportation as we input
the same speed and time distribution for the whole set
of cars. Therefore, the gaussian behavior is relevant to
get the case where the probability density function is a
constant.
It is worth to mention that in our model by chang-
ing just one parameter, p, we can move from one type
of function to a very different one in the displacement
statistics. Therefore we are not restricted to a particular
function and to adjust their parameters to some condi-
tions, but the statistics of mobility can be transformed
drastically by changing just one variable. This in turn al-
lows us to have some measure of the impact of geometry
on mobility.
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